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AN ALGEBRAIC TREATMENT OF THE THEOREM 

OF CLOSURE. 

By Albert A. Bennett. 

Introduction. 

1. Among the classic theorems concerning the projective properties of 
a pair of conies, perhaps the most interesting is one due to Poncelet, viz. 
the theorem that if a polygon of n sides can be circumscribed about one 
conic and at the same time inscribed in a second conic, it is possible to 
construct an infinite number of such polygons for the given pair of conies. 
A very elegant demonstration of this theorem may be made by the use of 
elliptic functions, but a parallel algebraic treatment is also possible. 
From an algebraic point of view, we have here but one example of a 
certain interesting class of problems in elimination. We shall mention 
the general algebraic problem, but shall carry through the details only in 
the hyperelliptic case. Except in so far as is necessary to make the 
algebraic steps clear no discussion will be made of the numerous geometric 
corollaries that suggest themselves. 

The present treatment is an attempt to reduce the problem to its sim- 
plest form and to prove the theorems needed with a minimum of algebraic 
machinery. Little emphasis is placed upon the numerous features which 
serve to individualize the elliptic within the general hyperelliptic problem. 

The functions considered are those well-known in the transcendental 
theory, although the methods of proof are of necessity largely new. 
Constant use has been made of the remarkably clearly written Traite des 
Fonctions Elliptiques by Halphen. 

It should be noted that not only are the operations used in this paper 
algebraic, but that except for a single irrationality, Va, every step is 
essentially rational. Neither the notions of geometric continuity nor of 
convergence of series are required at any stage. Thus the present dis- 
cussion is apphcable in its entirety to finite fields, a statement which does 
not hold true of the algebraic treatments already published. 

Extensive references to the literature on the problem of closure in the 
elliptic case may be found in the Encyklopadie der Math. Wiss., Ill, C 1, 
p. 45 ff., the Encyk. der Geometrie (Simon), p. 105 ff. and in Pascal's 
Repertorium, IIS P- 238 ff. 

Modern algebraic treatments of the Poncelet Polygons are given by 
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K. Petr, "Ponceletsche Polygone," Monatsh. f. Math. u. Phys. 18, (1907), 
pp. 122-137, and Karl Rohn, " Das Schliessungsproblem von Poncelet 
. . . ," Berichte d. Ges. der Wiss. zu Leipzig, 60 (1908), p. 94. The present" 
treatment differs in aim from these and has Uttle in common with them. 
A very admirable summary of the principal theorems upon groups of 
points on an algebraic curve is found in Pascal's Repertorium, 11^ pp. 306- 
355. A good treatise of an elementary sort is Severi's Lezioni di Geo- 
metria Algebrica. 

An Arithmetic of Points on a Cubic Curve. 

2. Any cubic curve, with or without a double point, but not resolvable 
into curves of lower order, can be reduced by the use of projective trans- 
formations alone to the form 

2/2 = x' -f Sjx -)- 5, 

where 5i and 52 are constants and 5i^/52^ is an absolute invariant. 
Any polynomial of the form 

of + 8iX + 62, 

we shall call A{x), and the cubic curve defined by y^ = A(x), we shall call 
a curve K. Any point on a curve K we shall call a point P. Any linear 
equation in x and y we shall call an equation L, and the Une defined by it 
we shall call a line L. This notation is adopted in order to facilitate a 
generaUzation from the case of the cubic curve to that of the hypereUiptic 
curve, and the same notation will be used in both cases. 

3. If a curve K be written in the form y^ = A(x), then with respect to 
this curve and this method of representation, a fixed set of finite points 
on the curve will be said to be in " general position," if no two of the 
points have the same x-coordinates, i. e., if no two of the points are either 
coincident or are obtainable one from the other by a mere reflexion in the 
X-axis. A variable set of points is said to be in " general position," if, 
except for a zero dimensional set of cases, every particular position of the 
variable set is in general position according to the previous definition. 

We shall have occasion to use the following theorems : 

(a) Any two finite P's in general position on K lie on one and only 
one L. This L intersects K again in a uniquely determined P. 

(h) There is at least one P on K, such that an L tangent to K at one of 
these P's, has there contact of the second order, in other words, does not 
meet K at any other distinct point. Such P's are called " Inflexional." 

(c) If K be non-degenerate and fixed, and F' and F" be any two curves, 
degenerate or not; fixed or variable, but of the same degree as K and such 
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that the finite points of intersection of F' with K consist of a set S together 
with a single P, e. g., Pi, and the finite points of intersection of F" with K 
consist of the same set S together with a single P, e. g., P^, while S is in 
general position on K; then Pi coincides with Pi. We here suppose that 
the common points of intersection of any two of the curves K, F', and F" 
shall be at most a zero-dimensional set of points. 

{d) The P which Ues at infinity we shall call Pq. If an L passes through 
Po and through a finite point on K, the equation of L is satisfied by the 
line which is drawn through the finite point and parallel to the y-axis. 
So that any L through Po meeting X in a finite P, meets it also in a 
second P obtainable from the first by a reflexion in the x-axis. Such a 
reflexion carries an inflexional P into an inflexional P. 

Property (c) states what is often put in the form, " The K's through 
eight P's pass also through a ninth," and (d) includes a special case of the 
theorem that an L through two inflexional P's passes through a third. 

We shall later prove each of these properties (o), (&), (c), (d). 

4. If three P's, e. g., P„, P3, P^, of K are on a single L, we shall indicate 
this relation by the symbolic equation 

P^ + P,+P, = 0. 

The P obtained from P. by reflexion in the x-axis, we shall indicate by 
— P„ or P_., so that we may write 

Pa+C-PJ +Po = 0. 

If a Py and a Py> are so related that one is the negative of the other, and if 
furthermore, 

P^-^P,+ Py, = 0, 

then we shall indicate the relation of Py to P„ and P^ by the symbolic 
equation 

which yields upon reflexion in the x-axis, 

-P, = (-PJ + (-P3). 



Furthermore, 
and in particular 



P^ = P^ + Po, 

Po = Po + Po. 



We have thus defined a sort of addition which is obviously commu- 
tative, we shall now show that it is also associative. 

5. Let us take a particular nondegenerate curve K. We will take on 
K, three arbitrary P's, e. g., P„, P^, Py. Through P. and Pg, there passes 
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an L, which we shall call L/, and through Pg and Py, another L, viz., L/'. 
Let the third P, in which L/ meets K, be designated by — Pj, and the 
third P in which L/' meets K, by — P.. We shall join — Pj, and — P, 
respectively with Po, by L3" and L%' respectively. These will determine 
Pi and P„ respectively, as the third P of intersection. Let Li" join P„ 
and P„ and L2' join P^ with Pj. We shall prove that the third P on L^" 
coincides with the third P on Li' , and this we shall represent by — P^. 
The incidence relations may be summarized by the following table : 

i/i Lit Liz 



If 

n 


P, 




Py 


— 


P. 


It 

'2 


P. 




-P, 




P. 


II 

<3 — 


Ps 




Ps 




Po 


a> Pfff 


P., 


P., 


P., - 


P., 


-P. 



We may suppose P„, Pp, P^, Pj, P„ — Pj, — P, to be finite and in 
general position on K. Now L/, L2', L3' taken together constitute a 
degenerate curve F', and L/', L2", L/' constitute another degenerate 
curve F". Hence if we define as — P^, the P which is the remaining 
intersection of Lj' with K, then by property (c) mentioned above, W 
also must intersect K in this same — P^. Thus the above incidence table 
is justified. It holds also for special positions, if the L's exist. 

In terms of the symbolic equations, we shall therefore have 



Ps 


= Pa + P„ 


p. 


= P,+ Py, 


p< 


= p. + p„ 


Pi 


= P^ + Py. 



.-. p„ + (P3 + p,) = (P. + p,) + p,. 

Hence this addition is associative. 

6. Let us now take an arbitrary fixed P^ and any P^. Whenever 
P| + Pa exists, we may define Pf+. by the equation 

P,+a = P, + P.. 

Similarly Pf+2„ = P^+a + -P., and in general P^+^a = Pf+(„_i)a + P„, 
where w is any positive integer. If now for a particular $ and n, we have 

■P f+na = P(, 

then by adding — P^ to each member we obtain 

Pna = Po, 

which is independent of the P( chosen originally. Hence, we have the 
so-called 
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Theorem of Closure. If for a given fixed P„ and a given constant integer 
n, and for a single choice of P|, we should obtain Pj+na = Pf> then the same 
is true for every choice of P^. 

Now Pna may be determined algebraically from P., and since the de- 
termination is unique, P„. is obtainable rationally from P„. The condition 
imposed upon P. in order that P„„ = Po is algebraic, and is known as the 
" Condition of Closure of the nth Order." 

Two-Two Correspondences. 

7. Suppose there be given any two-to-two algebraic correspondence 
between two one-dimensional projective forms. 

For example, consider the correspondence between the points of a 
nondegenerate point conic, and the Unes of a non-degenerate Une-conic 
lying in the same plane, when we define the correspondence as being 
between incident points and lines. For any point on the first conic, we 
have two Unes through this point and tangent to the second conic, and for 
any Une of the second conic, we have two points on this line, and lying also 
on the first conic. This is of course the case of the Poncelet Polygons. 

Any two-two algebraic correspondence between x and M/N, can be 
written in the form 

\{x)W + 2B(x) MN -I- T{x)W = 0, 

when A, B, and r are polynomials in x of the second degree*. 

8. Let us now start with a correspondence of the form 

(1) AM^ + 2BMN + TN^ = 0. 

Most of the important properties of this correspondence do not depend 
primarily upon the exact numerical values of the coefficients, but, on the 
other hand, are unaltered when we replace (1), by a correspondence ob- 
tained from it by either or both of the following two transformations : 

(a) Replacing M and N by two linearly independent homogeneous 
Unear combinations of them. 

(6) Replacing x by a non-singular Unear fractional function of x. 
For the sake of definiteness we may use the freedom at our disposal to 
reduce (1), to a certain normal form. The discriminant of (1), regarded 
as a quadratic in M/N, is B^ — AF, which is invariant under (a). It is a 
polynomial in x, and by means of (6), we may reduce the leading coeflBcient 
to zero, the next to unity and the one following to zero. Thus we obtain 
an expression of the form which we have already called A(x). We shall 

* In the elliptic case M and N are independent of x, but in the hyperelliptic case they are 
polynomials in a;, as explained in § 23. 
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hereafter write A = B^ — Ar. We still have three parameters at our 
disposal by using (a), and these we may choose in such a way as to reduce 
the degree of A by one, and the degree of B by two. We may at the same 
time divide the whole equation (1) by a constant so as to secure that the 
now leading coefficient of A is unity, and hence as may be seen from the 
form of A, that the leading coefficient of r is minus unity, while the second 
coefficient of T becomes equal to the at present second coefficient of A. 
There are special cases in which this reduction is not possible in just the 
form stated, as for instance when A or A has a pair of coincident roots. 
We shall however for the present exclude such cases. All the significant 
coefficients of A, B, r. A, when these polynomials are expressed in de- 
scending powers of x, may be indicated by the following table: 



A; 


0, 


1, 


ai 




B; 


0, 


0, 


^1 




r; 


- 1, 


«i, 


Ti 




A; 


0, 


1, 


0, 


5i 



Thus we have imposed conditions upon precisely six of the coefficients in 
the correspondence (1), and have done so in such a manner that A = B^ — Ar 
assumes as leading coefficients the numbers indicated in the above scheme. 
9. We may write (1) in the irrational form 

M r- 

(2) A^+B = ±>S. 

This suggests that we consider the following two curves or equations, 

(o) The fixed K, whose equation is y^ = A(x), 

(6) The variable L, whose equation is L = 0, where L = AM + BN — Nj/, 
is a rational integral function of x and y. 

The variable L meets K in the variable points whose i-coordinates 
are the roots of (1), considered as an equation in x. But there are also 
certain fixed points of intersection. For when we eliminate y between the 
equations for K and for L, every solution of the equation in x so obtained, 
must be the x-co6rdinate of a point of intersection of K and L. To 
eliminate y between the equations for K and L is equivalent to rationalizing 
(2). When we rationalize (2), we at first obtain, not (1), but 

A^M^ + 2ABMN + B^N^ - AN^ = 0, 

which differs from (1), by containing throughout the left-hand member, 
the factor A. When A = 0, the equation for the curve K, y^ = A 
{= B^ — Ar) gives y = -|- B or — B, whereas the equation for L gives 
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y = B. Thus L and K intersect in a fixed P, for which A =0, y = B, 
in addition to the variable points of intersection already mentioned. 

Not only is this fixed P of intersection determined by A and B, but 
conversely we may choose a finite P arbitrarily on K and find a unique 
A and B so as to obtain a correspondence given in the normal form of (1). 
Indeed from the degree and form of the normalized A and B, respectively, 
we see that these expressions are uniquely determined by the condition 
that for a given P, A. = 0, y = B. The A and B so determined are such 
that A — B* is divisible by A, for A — B^ must vanish for A = 0, since 
this P is also on y^ = A. Hence we may obtain a unique T such that 
A = B'' — Ar. With these expressions for A, B, T, the correspondence 
(1) will be in the normal form, and will have the given discriminant A. 

10. Suppose we be given the curve K and also P„ and Pg selected 
arbitrarily upon it. Let us consider the rational algebraic process by 
which Pa+fi may be determined from P„ and P^. 

In place of P„ we may consider the pair of expressions (A., Bj such that 
for Pa,,K = 0, 2/ = B., and similarly we shall replace Pg in our work by 
(Ag, Bp). The polynomial L in a; and y, which vanishes for P. and for Pg, 
may be written in either of the following ways: 

A,M + B.N - Ny, or AgM' + BgN - Ny, 

where N may obviously be taken as the same in the two cases, since the 
two polynomials, considered as expressions in x and y, represent the same 
L, so that the coefficient of y in each case must be the same. We are thus 
led to an identity 

A.M + B.N = AgM' + BgN, 

in which A., B., Ag, Bg are known. A comparison of degrees shows that 
in general M, M', and N are uniquely determined by this identity except 
for a constant factor p' of proportionaUty. Now this same L meets K 
again in what we have defined as — P.+g or P_(.+g). If P.+g be defined 
by A.+g = 0, y = B.+8, then — P.+g will be defined by using (A.+g, 
— B.+g). This same L may therefore be expressed by 

A.+gM" + (- B.+g)N -yN. 

If A.+g were known, we could then solve for — B.+g, and incidentally 
also for M", by using the identity 

A.M + B.N = A.+gM" - B.+sN. 

But Pg, and — P.+g are determined so far as their x-coordinates are 
concerned by a correspondence of the form (1). In fact, for the above 
determined M and N, 

A.M2 + 2B.MN + r.N^ 
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vanishes for A ^ = and for A„+3 = 0. Upon comparison of degrees, 

we see that 

A.M2 + 2B.MN + r.N^ = pApA,+^, 

where p is a constant factor of proportionality. This serves to determine 
A„+p which was all that was left to find. We shall suppose M and N so 
selected that p^ = 1. 

In brief, we obtain A.+p, and B„+p from Aa, B., A^, Bg, by the solu- 
tion of a series of linear equations obtained by equating coefficients in 
the identities: 

AJA' + 2B,MN + r.N^ = pA,A^+^, 

AJl + B.N = AjM' + BpN = A^+^U" - B.+gN. 

Explicit relations will appear in a more detailed form in § 12, and §§ 23-24. 
If Pp coincides with P„, the above method may be sUghtly simplified. 
In this case Ag is identical with A., so that A2a is given directly, and 
incidentally also M and N, by 

A.M2 + 2B,MN + r.N^ = pA^Aj,, 
and B2a, by 

A.M + B.N = A2M" - B2.N. 

A discussion of the cases in which this method may break down or be 
speciaUzed owing to the vanishing of the determinant of the linear equa- 
tions, will be made later. This applies to the following section also. 

11. We shall now consider a shorter method of obtaining A2a and B2. 
than that just given. Let us determine a polynomial A in x such that 

A.A + 2B.M + r.N s 0, 

which for a given A., B., r. serves partially to determine A, M, N. We 
may completely determine them by requiring that the coefficient of the 
highest power of a; in M^ — AN shall be equal to the above-mentioned p. 
The above bilinear form suggests two quadratic forms, whose discriminants 
are, respectively, B.^ - A.r„ and M^ — AN. The first of these is the A 
which we have used to define K, the second we shall now find to be 
simply pA2a. Indeed the identity 

AM^ + 2B.MN + r.N^ = PA.A2., 

is found to be satisfied when M^ — A^ is written instead of pA2a, for we 

have 

AJJP + 2B,MN -I- r.N2 = A,M2 - A.AN, 

since A.A = - 2B.M - T.N. Hence for p^ = 1, 

A2. = p(M2 - AN). 
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To obtain 82., we must solve an identity of the form 

A.M + B.N = A2.M" - B2.N, 
that is, 

A,M + B.N = piUm" - ANM") - B2aN, 

= p(MM" - Nn)M - (B2. + pAM" - pMn)N 

where n is arbitrary. If now we choose a n and an M" so that 

p(MM" - NH) = A„ 

and that the coefficient of the highest power of x in p(AM" — Mil) is 
zero, the M" and n will be fully determined. We shall then have 

A,M + B,N = A.M - (B2. + pAM" - pMn)N, 
whence 

B2a = - (B. + pAM" - pMH). 

This method is a Uttle more expeditious than the general method of 
determining A2a and 82. given in the preceding section owing to the fact 
that the polynomials whose coefficients we must equate are here of lower 
degree than by the method of the preceding section. 

Explicit Conditions of Closure. 

12. It will be more convenient for some purposes to use the following 
notation, which differs slightly from that used hitherto in this paper. 
On writing — x„ for ai in the expression for A„. (cf. §8), 2/„ for /3i, and 
therefore — {Xn^ + 81) for 71, we obtain 

Afta ^ ^ Xnj 

B„a = Vn, 

r„a = - (a;2 + XnX + Xn^ + hm), 

A s a;' + 5ix + §2, 



where y„ = ± Va;„^ + 5iX„ + 52- An equation L = 0, we may write in 
the general form: 

y = ItiX + h, 

except in the cases when N = 0, in which cases we have 

loX + h = 0. 

If an L passes through P^a and Pna, it will pass also through — P(„+„),, 
while if one passes through Pma and P-„a, it will pass also through — P(m_„)., 
and by reflexion in the x-axis we obtain two other combinations. If we 
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be given only Am„ and A„„, it will be impossible from these data to de- 
termine whether P„„ or — Pm„, and P„. or — P„. is intended. In fact 
A„„ and A„„ determine A(m+„). and A(m_„). by a quadratic construction. 
In other words, if we be given the x-co6rdinates only of two of the points 
of intersection of an L with K, the x-c6ordinate of the remaining point of 
intersection is determined only as being one of a pair of uniquely deter- 
mined points. We exclude for the moment the special case when the 
two given points have the same a;-co6rdinate. 
Eliminating y between 

2/2 = 3.3 _)_ gjj. _|_ 5^^ a^jjjj y = Ifix + li, 
we obtain 

x" - loV -f (5i - 2loli).x + (52 - h^) = 0, 

as the equation satisfied by the x-co6rdinates of the points of intersection. 
If we call these coordinates, Xm, Xn, and x' respectively we have the re- 
lations 

Xm 1" Xn v X ^^ io J 
XmXn -\- XnX' -\- X' Xm — 5i = — 2l^\, 
XmXnX' -\- h = h^. 

Eliminating the I's, we have 

(3) (XmX„ -I- X„X' + x'Xra — 5l)^ - 4(x„ -f" X„ -f x'){XmXnX' -f Sj) = 0. 

This is a quadratic equation in x' , whose roots we have called Xm+„ and 
Xm_„. We may replace x' in this relation by x" -F Xi, where xi is arbitrary, 
and obtain 

(a;„x„ -i- XnX" -\- x„xi + x"xn + Xix^ - 5i)^ 

- 4(Xm -I- X„ -t- X" + Xi)ix„XnX" + XmXnXl + h) = 0, 

as a quadratic whose roots are Xm+„ — xt and Xm_„ — xi. Expanding, 
we obtain 

X"'[(X„ - XnY] 
+ 2x" [(X„ -t- X„)(X„X„ -I- X„X; -I- X;X„ - di) 

— 2(x„ + x„ -I- Xi)x„x„ - 2(x„x„xj -I- Si)] 

+ [{XmXn + XnXl + XlX„ — SiY — 4(x„ + Xn + Xl){XmXnXl -\- h)] = 0. 

By taking the product of the roots we have 

(X„ — X„)2(x„+„ — Xi)(Xm_„ - Xi) = (X„X„ -I- X„Xi + XjX„ - 5i)2 

- 4(xm -I- x„ -I- X()(a;mX„xi + 52). 
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By symmetry we have the same right-hand member for (a;„ — x;)^ 
{Xm+i — x„){Xm-i — x„). Hence we have the relation 

(.Xm Xn) {_Xm+n — Xj)(Xm— n — X;) = \Xm — X() (Xn>+i — Xn)(Xm— ! Xn) 

which holds for all choices of x^, x„, and x;. 

Let us now replace m and n in the above relation by ml and nZ, and 
introduce expressions C having the following relation to the x's: 

XmJ X; = ^ 2/> 2 

The above formula now becomes 

[ (^m+lCm— 1 C/n+lCn— 1 I I Cm+n+lCm+n— 1 1 1 Cm— n+lCm— n— 1 I 
Cm^Ci^ Cn^Ci^ J L c^+«Ci^ JL ci_j:^^ J 

This may be written in the form : 

r Cl Cw»+l+nCm+l— n I I Cl Cm— 1+nCm— 1— n I 

LCm+aCmCn C n+lCn- lCm+1 J [_ LmCm— 2C n C n+lC n_iL,a_i J 

Cl Cm+nCm— n I 

Cm+lCm- iCn Cn+lCn— iCm J 

We shall now define Co as equal to zero and C_m as equal to — Cm- Then, 
for n arbitrary, and ?n = 0, or m = 1, we have identically 



Cm+lCm- iCn Cn+lCn— iCm 



But the preceding equation shows that if this equation holds for w — 1, 
and for m, then it must also continue to be true for w + 1. Therefore by 
mathematical induction, the C's are such that for all integer values of 
TO and n 

yr) Ol Om+nCm— n ^ Cm+lCm— iCn^ C n+lC n— iCm , 

or, as we may write it, 

/At\ Cm+nCm— n ■ Cn+lCn— i C 1+mC 1— m „ 

v^m '-^n ^n v^ 1 ^\ ^m 

13. If we use the abbreviation Fm, n for the fraction Cm+nCm-n/Cm^Cn^, 
by we may derive inmiediately from (4'), that for any ni, rii and ns, 

^ ni, nj ~r *^ nj, nj ~r ^ nj, nj ^^ "• 
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From the fact that by algebra we have directly 

V* nj, m * nj, m) \i^ n^, to ^ n^, m) r \" n^, m '~' " tig, m) \* nj» m " n^, m) 

+ (Fn,.m — Fni,m)(F„^,m — Fn^m) = 0, 

we conclude that 

which gives in terms of the C's 

~r ^^ns+nj^ng — ni^ 712+714^ ng — 714 ^ v** 

Identities such as these serve frequently to greatly abridge the work of 
determining a particular C in terms of other C's. We shall now give 
however a general method of determining each C in terms of the preceding 
C's. In fact we merely need to write, in (4), first, n + 1 in place of m-, 
and obtain 

(5) Cjn+l = TTsiCn+iCn — Cn— lC„^l], 

and secondly, w + 1 in place of m, and n — 1 in place of n, and obtain 

C„ 

These formulae (5) and (5') serve to determine every C„, if Ci, Cj, Cg, C4, 
be known. Furthermore if C2, C3, and C4, be divisible by Ci, formulae 
(5) and (5') serve to establish by induction that every suceeding C is 
also divisible by Ci. Also, if C4 is divisible by C2, then for n odd, or even, 
every dn must be divisible by C2. For suppose this to be the case for 
71 -^v + 2. If n be odd, CLi and Cl+i will both contain Cs* as a factor 
so that from formula (5'), C2n wiU contain C2 exactly. If n be even, C„ 
as well as both C„+2, and C„_2 will contain C2, so that again C2» contains 
C2 as a factor. Hence, any choice of Ci, C2, C3, and C4, for which Ci, C2/C1, 
C3/C1, and C4/(Ci X C2), are all polynomials in X;, yj, 61, 82, will be such 
that every C„ will be a polynomial in these same quantities, Xi, ji, 81, h- 

14. We may notice that in (4) not only are the terms homogeneous, 
each being of the same (fourth) degree in the C's, but there is also a 
homogeneity of another kind, namely with respect to the square of the 
subscripts. Indeed 

2 ■ V + {m + ny + (m - nY = (m + 1)^ + (m - 1)^ + 2n^ 

= (n + 1)2 + (n - ly + 2m^ = 2(1" + m^ + n^). 



THE THEOREM OF CLOSURE. 109 

which we may call the " quadratic weight " of the expressions involved. 
Furthermore any expression derived from (4) will be homogeneous in 
both senses. It will be possible to form from Ci, d and C„, an expression 
of degree zero and quadratic weight zero, which shall reduce to imity for 
n = 1, and n = 2, and vanish for n = 0. Indeed we may write 

where iE„ is a function of the form desired. For every identical relation 
among the C's we have an analogous relation among the R's, obtainable 
by merely replacing C„ by iE„. In particular we have formulae analogous 
to (5) and (5'), where in the present case we may replace Ri and R2 by 
their common value, unity. Thus we have 

(6) Rin+l = Rn+tRn^ — Rn—lRn-f-l, 

(6 ) i?2n = RfiiRn+iRl-l — Rn-iRl+l). 

It will be found that R3 occurs throughout the entire series of ex- 
pressions R„ only in the form Rs^, except in those Kn's for which n is a 
multiple of three, in which case R3 occurs also as a simple factor of the 
entire expression, as is readily proved by induction. 

15. We may write U for Rs^ and F for Ri. We then have directly 
from (6) and (6'), 

Ro = 0, 

Ri = 1, 

Ri = 1, 

Rz = U''\ 
R,= V, 
R,= V -U, 

Eg = [71/3(7 - u - V^), 

R, = (V - U)U - F', 

R, = V[iV - U){2U -V)- UV% 

R, = C7i/3[F'(F -U - V) - (F - Uy], 

Rio = (F - U)[V^iUV -U' - F*) - U{V - U - V^], 

Rn = {uv - u^ - v^){v - uy - uv{v - u - vy, 

• *••••••••• 



110 ALBERT A. BENNETT. 

16. Thus far, the C's and the R's have depended upon an arbitrary- 
integer I. Putting I = 1, we have 

and more generally from (4), we have 



•Cm ^n — 






Now Xo is the x at infinity so that Xm — Xn becomes infinite when and only 
when either Xm or a;„ coincides with Xq. Furthermore Xm — x„ vanishes 
when and only when either x^+n or Xm-n coincides with Xo. Thus the 
vanishing of Cm is a necessary and sufficient condition that x^ coincides 
with Xo, provided only that the C's be integral functions of Xi and y^. 
This may be readily secured. We have merely to take Ci equal to unity, 
and Ci equal to — 2j/i, although other choices are also possible. We will 
find immediately that Cs then assumes an integral form, and as we shall 
show in the following section, § 17, d is then integral and divisible by d. 
The discussion in § 13 shows that all the C's are integral functions of xi 
and j/i. 

The identity A.A + 2B„M + P.N = 0, admits, when p is taken as 
minus one, the solutions* 

A = X + 2xi, 



The identity 
yields, cf. §11 



M=2^(3xi2 + 5i), 

N = 1. 

p(MM" - Nn) = A„ 

M" = ^^(3xi^ + 5i), 

n = (x - xi) + ^, (3X1* + b,Y. 
The equation, p(M'' — AN) = A 2a, gives 

Ai^ = x + 2xi - ~ (3X1^ + 5i)S 

= a; - 1^ (xi^ - 25iXi2 - SSjXi + Si^). 



* It may be seen that we must throughout suppose that every N is taken as unity, that p 
is always minus unity, and M, M', and M" for a given L always coincide, in order that the normal- 
izing conditions which we have imposed be satisfied; but cf. §§ 23-24. 
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Similarly the equation B2. = — (B, + pAM" — pMII) gives 

B2. = 8^3 [a;i' + SSiXi" + 2052a;i2 - 5diW - 45i52Xi - (882^ + 3i')]. 

Since A2a = x — X2, we may compute d from 

_ C3C1 
X2 xi - Ci^Ci^' 
In fact 

Cs = 3x1* + 65iXi2 + 1282X1 - 5l^ 

We shall now determine C4. 

17. From the quadratic (3), whose roots are Xm+„ and Xm_n, we obtain 
for the sum of the roots: 

2 

(7) X„+„ + X„_„ = J- _ „ N2 [(XmXn + Si)(x„ + X„) + 262]. 

\Xm XnJ 

Now (Xm_„ — Xi)(xm — x„)^ may be written in the form 

p f n in i n n r ^ 

p 27?! ■ n in i ~ n in i • 

Thus, although (x™ — x„)^ vanishes for n = m, yet the expression 
(x„_„ — Xi)(Xm — XnY reduces for n = m to C^mlCn?. Hence for n = m, 
we obtain from (7) 

Cim = 2Cj[{xJ + 5i)2x„ + 252], 

= ±r 8.7/2 

= AC 8 . B 2 

The sign of B^. depends upon the sign chosen for B,, i. e., yi, and may be 
found from the identities 

A.M + B. = A„.M + B,;^. = A(„+i).M - B(„+i).. 

EUminating M, this gives 

[A(„+i,,-Aj[B„. - BJ + [A„. - Aj[B(„+i). + BJ = 0, 

which is satisfied identically for B^^ = — (C2m/2Cm''), and B(m+i)„ = 
— (C2(m+i)/2Cm+i*), but not for any other combinations of signs. 

Since, now, we have already found Bj., we may determine C4. Indeed, 
we have immediately, 

C4 = - 4yi[xi« + 55iXi* + 2082X1^ - SSi^xi^ - 48182X1 - (882^ + 8i«)]. 

Having found C2, C3 and d, we may either find the R's first, or compute 
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the C's directly by the recursion formulae, (5) and (5'). The C's deter- 
mine a set of " conditions of closure," C„ = being a " condition of 
closure of the nth order." 

Thus every C„ is a polynomial in Xi; /or n odd the coefficients of the various 
powers of Xi, are themselves polynomials in 5i and 82 with integral numerical 
coefficients; for n even, the same is true except that yi also occurs as a factor 
of the entire expression. We have just seen this to be the case for d, 
C3 and C4. Formulae (5) and (5') serve immediately to estabUsh by in- 
duction the truth of this statement, in all cases. 

Generalization to Hyperelliptic Curves, 

18. The statements in §§ 3-6, 8-11, inclusive, are capable of a wide 
extension without even verbal modification. We shall now proceed to 
present this more general problem. 

Let us take an arbitrary positive integer p, and form a polynomial 
A(a;) of degree 2p -|- 1, of the form, 

A(z) = a:2p+i + Six^p-i -I- 52x2"-- -I- • • • -I- 52p_ix -|- hp, 

the 5's being constants. The equation y^ = A(x) defines a curve K, 
which is said to be hypereUiptic and of genus p. Furthermore this 
equation may be considered as a normal form under a certain class of 
transformations, viz., the birational group, of the most general non-de- 
generate hypereUiptic curve. We shall suppose that A(x) = does not 
admit multiple roots, as otherwise the curve has finite mxiltiple points, 
which we shall suppose to have been removed. We shall carry over 
the definition given in § 3, of " general position," extending it only by 
defining a set some of whose points are at infinity as being in general 
position, if the set of the finite points when existent is in general position 
in the sense of the previous definition. An arbitrary set of p points in 
general position on K, shall be defined as a set P or simply as a P. 

There are certain variable curves L, having for equations, expressions 
of the form L{x, y) = 0, which meet K in 3p variable points of intersection, 
with perhaps one common fixed point at infinity. These curves are such 
that any 2p of the 3p variable points of intersection may be assigned at 
random, but the curve L is thereby completely identified, and the positions 
of the remaining p intersections are then determinate. We shall consider 
the form of L, and show that the L's which we obtain satisfy not only 
the properties (a) and (6), but also (c) and {d), mentioned in § 3 as prop- 
erties of the cubic. Incidentally we shall be proving the theorems in 
that case also. 
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19. The equation of an algebraic curve F, in the (x, y) plane can be 
written in the form F{x, y) = 0, where F{x, y) is a polynomial in x and 
y. We may separate F{x, y) into an even and an odd function of y so as 
to write 

F{x, y) = Fo(x, y^) + yF,{x, y'). 

The curve F, in so far as the equation y^ = A(x) is supposed to be satisfied, 
i. e., in so far as the points of K alone are considered, is the same as the 
curve F', whose equation is 

F'{x, y) = F^[x, A(x)] + yF^[x, A(a;)]. 

Clearly this is finite for all finite points on the curve K. Moreover, every 
rational function of x and y, which is finite for all finite points on the 
curve K, may be written in the form, Fq{x) + yFi{x). 

For suppose we be given any rational function G{x, y)/H{x, y), where 
G and H are polynomials. If we write H in the form Hoix, y^) +yHi(x, y^), 
and then multiply numerator and denominator of the fraction by Ho—yHi, 
the denominator will become an even function of y. Replacing y^ through- 
out by A(a;), we shall have an expression of the form 

Fojx) + yFijx) 
H,(x) 

We wish now to show that if this is to be finite for all finite points on the 
curve, then the denominator Hiix) is a factor of both Fo{x) and Fi(x). 

If [Fo(x) + yFi(x)]/H2(x) is to be finite, the same is true of 
[Fo{x) — yFi(x)]IH2(x), for these differ only in the sign of y, while the 
curve y'' = A(x) is symmetric with respect to the x-axis, so that should 
one become infinite at a point (x, y) the other must become infinite at 
(x, — y). Both the sum and the product of finite functions are finite so 
that 

2Fo(x) j^o^(x) - y'F^^jx) Fo%x) - A{x)F,\x) 

H^ix) ^^^ H2%x) °'' Hi'ix) 

are finite for finite points on K. From the first expression we see that 
every root of the polynomial 7^2 (x) must also be a root of the polynomial 
Fo(x), and hence by the second expression, every simple root of H^ix) is a 
double root of AFi^. But by hypothesis A(x) = has no double roots, 
so that any root of Hi{x), is also a root of Fi{x). Hence every factor 
of Hi{x) is a factor of both Fo(x) and of Fi(x), and we may divide out 
Hi(x) entirely, as was to be proved. 

20. If either Fo{x) or Fi{x) be identically zero or, more generally, if 
Fa and Fy be not prime to each other, then the intersections of the curve 
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F = Fo(x) + yFi(x) = 0, with the curve K, will not be in general position, 
since every common linear factor of Fo and Fi determines two points on 
K, which differ only in the sign of y. Let us suppose Fo and i^i prime 
to each other. The x-co6rdinates of the points of intersection of 
F s Fo(x) + yFi{x) = 0, with y"^ = A(x) are given by the roots of the 

equation 

Fo2(x) - A(x)Fi2(x) = 0. 

Since A(x) is of odd degree, and F^{x) and Fi^(x) are necessarily of even 
degree, it will be impossible for the leading coefficients of Fo^(x) and 
A(x) • F-^{x) to cancel each other. Let us suppose r, ^ p + 1, points of 
intersection chosen arbitrarily and in general position on K. This will 
impose r Unear conditions upon the coefficients oi F = Fo -\- yF\ = 0. 
For r — p even, we shall write r = p + 2s, and for r — p odd, we shall 
write r = p + 2s — 1, where s ^ 1 in both cases. The highest possible 
degrees of Fo, and of Fi, for which Fo^ — AFi^ shall be of degree r + p 
are indicated by the following table to be r — s and s — 1, respectively. 



Terms 


Degree 


Deg. for r — p =2s — 1 


Deg. forr-p =2 


Fo 


r — S 


p + S - 1 


p + S 


F, 


s - 1 


S - 1 


S - 1 


Fo' 


2r - 2s 


r + p - 1 


r + p 


AFi' 


2p + 2s - 1 


r + p 


r + p - 1 


Fo'' - AFi^ 


r + p 


r + p 


r + p 



Now the total number of homogeneous coefficients in Fo is r — s + 1, 
and in Fi is s, so that if A be given and fixed, F = Fo + yFi can be sub- 
jected to exactly r Unearly independent conditions, while, on the other 
hand, the number of intersections of F with K will be r + p. Hence, the 
curve F which has r + p intersections with K cannot have more than 
r independent coefficients, it being supposed that r ^ p + 1. The state- 
ment also holds for r = p since Fo' — AFi" can be of degree 2p only 
when Fi vanishes identically, A being of degree 2p + 1, since, as we 
have remarked, the leading coefficients of the two terms can never cancel 
each other. But in this case, Fo must be of degree p exactly, and the 
equation Fq^ = contains but p independent coefficients. 

21. We may choose as the curves L, the curves whose equations are 
of the form L(x, y) = E{x) — yN(x) = 0, where E and — N are poly- 
nomials of degree 2p — q and ? — 1, respectively, q being ^p when p is 
even, and §(p -|- 1) when p is odd. Thus E and — N are cases of Fo and 
Fi, for which r = 2p and s = q. Hence if 2p points, i. e., two P's, be given 
on K, no two of the points having the same x-co6rdinate, then there is a 
unique L through them. Since E' — AN^ is of degree 3p, it will vanish 
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for yet a third P the y-co6rdinate of each point of which is determined 
linearly by the equation Ny = E. Thus property (a) holds true for the 
general hyperelliptic ciirve, K. 

The condition that the 3p points of intersection of an L with K, 
reduce to p sets of three coincident points each, i. e., that E^ — AN* be a 
perfect cube, clearly requires that the coefficients of E and N satisfy 
certain algebraic relations. Indeed if we write 

£2 - AN* = Q^, 

where Q is polynomial in a of degree p all of whose coefficients are unknowns, 
we shall have 3p + 1 equations which are homogeneous in the 2p + 1 
homogeneous coefficients of E and N, and of degree two in these, and also 
homogeneous and of degree three in the p + 1 homogeneous coefficients 
of Q. The number of solutions will be found to be 3*". Thus property 
(6) holds also in this general case. 

22. We shall now make the hypothesis required for property (c), as 
stated in § 3. The curves F' and F" of § 3, may be represented by equa- 
tions of the forms Fo'(x) + yFi'{x) = and Fo"{x) + yFi"{x) = 
respectively, so far as points of K are concerned. Now these two ration- 
al functions are known to have r of their total r + p zeros on if in common 
and in general position on K. But these r zeros which constitute the set 
S fully determine the rational function, except for a constant factor. 
Thus Fo'ix) + yFi'ix) and Fo"{x) + yFi"{x) differ from each other by 
at most a constant factor, and have all of their zeros on K in common. 
This proves (c) to hold true for the hyperelliptic case. 

In order that EP{x) — A(a;)N*(x) = 0, shall have p coincident roots at 
infinity, it is necessary and sufficient that N vanish identically, while E 
reduces to degree p. In this case L reduces to p straight Unes parallel to 
the 2/-axis. In the equations satisfied by an inflexional set of p points, we 
do not use y explicitly and N enters in these, only in the form N*. Hence 
if ^ — Ny yields one solution, ^ -|- Nt/ will give another. Thus (d) also 
is valid in the present problem. The entire discussion in §§ 3-6, inclusive, 
appUes to the hyperelliptic case, since it follows from the properties (a), 
(&), (c), (d). 

23. We may now start with the correspondence 

(1) A(x)M*(x) + 2B(x)M(x)N(x) + r(x)N*(x) = 0, 

where A, B, r, M, N, are polynomials in x. We may suppose the degrees 
of A, B and r to be given as equal to p + 1. By applying the reductions 
used in § 8, we find that, finally, if our M and N have been suitably chosen, 
A, B, r, M, N are of the following form. 
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A = x^ + aiX^-^ + a2X'^~^ + ■ ■ ■ + Up, 

B = /Sia;"-^ + /Sjx'--^ + • • • + ^p, 

r = - x^+i + aiXP + 7iXP-i ^ y^x"-'' + ■ ■ ■ + 7p, 

M = MoX'^« + MiXP-«-i + • • • + Mp-5, 

N = VoX'-^ + vix^-^ + • • • + Vg-U 

and therefore where A = B^ — Ar is of the form 

A = x^p+i + Six^p-i + Sjx^p-^ + • • • + «2p. 

The E that we have previously used may hereafter be considered as having 
been an abbreviation for AM + BN. We have merely to take the 
x-co6rdinates of p of the points of intersection of E{x) — yN(x) with K, 
and form the equation A(x) =0 which has these for roots. The y-co6r- 
dinates of these same p points may be used to determine a corresponding 
B by means of the equations 

Vi = ;8iX.P-i + ;82X,P-2 + • • • + |8p i = 1,2, ■■■ p, 

whose determinant is the Vandermonde determinant of the x's. Since 
the p points (x„ y.) are supposed to have their x-co6rdinates distinct, we 
may always determine the desired B(x), and determine it uniquely. But 
this choice of A and B satisfies the condition that for A = 0, E reduces to 
NB. If we let the x-co6rdinates of the remaining points of intersection of 
y = B with L, be the roots of a polynomial M put equal to zero, the E 
will be necessarily of the form, E = BN + AM if the arbitrary constant 
factor in N and M be properly chosen. 

The remarks of §§ 8-10, inclusive, are now immeditely applicable to 
the correspondence (1), extended in this manner. 

It may be remarked that when working in the projective plane, i. e., 
closing the finite plane by means of a line at infinity, the point at infinity 
on the curve is by no means a simple, but is a p-tuple point. For most 
purposes, it is convenient to suppose K situated in a " function plane." 
In other words, we shall in speaking of the point at infinity regard A, B, r 
as forms, which do not become infinite at infinity, while, on the other 
hand, A and B vanish there to the first and second orders, respectively. 
With this convention, infinity becomes an ordinary branch point for the 
curve K, and the L's do not in general pass through this point. This 
matter is not however of great significance in this connection, as we are 
concerned almost exclusively with those points alone which lie on the 
curve K, whose internal properties are essentially the same in either plane. 

24. In the identity 

AA + 2BM + FN = 0, 
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the term FN is of degree p + q, which is always higher than the degree 
2p — g — 1 of the term 2BM. But A is itself of degree p, so that A must 
be of degree q, since its leading term must cancel that of FN. So that 
we must have Xo = vo, where Xo is the leading coefficient in A. Now A, 
M, N contain altogether {q + l) + {p — q + l)+q = p + q + 2 homo- 
geneous coefficients and since the degree of the left hand member is p + g, 
we have p + q + 1 homogeneous equations to be satisfied. Thus the 
solution is unique apart from an arbitrary factor. In general we may 
impose the condition that for p = 2g — 1, Xo = 1, and for p = 2q, no = 1. 
By this means we shall secure that the leading coefficient in M* — AN 
is equal to p = ( — 1) ". The A, M, N will now be fully determined if the 
A, B, F are supposed given. 
In the identity 

p(MM" - NH) = A 

where M" is of degree p — q, and n of degree q, the coefficient of x" in 
the left-hand member is, for p = 2q — \, xo, and for p = 2q, no". And 
since this is to be an identity, we must have for p = 2^ — 1, xo = 1, and 
for p = 2q, ixo" = 1. The degree of the left hand member is p, while the 
number of coefficients in M" and n together is p + 2. Since the equations 
which are obtained by equating coefficients are non-homogeneous and 
only p -f- 1 in number, we may in general impose an additional linear con- 
dition. We shall require for p = 2g — 1, no" = no, and for p = 2g, 
Xo = Xo, With this restriction, the M" and IT are completely determined, 
and in such a manner that Xoajo" — xojuo = 0, for p odd or even, so that in 
either case the coefficient of x^ in p(AM" — IIM) is zero. The discussion 
in § 11, now applies without modification to the hyperelUptic case. 

It is important to note that in the above nonhomogeneous system the 
determinant of the coefficients of the system is for p = 2g — 1 and also 
for p = 2q, precisely the resultant of M and N. But if M and N have a 
common factor, the L whose equation is AM -f- BN — Ny = 0, and which 
has contact at the P defined by the (A, B) in question, will pass through 
the point at infinity, and will contain one or more lines parallel to the 
j/-axis. But these lines can have contact with the curve only at the 
branch points. Thus the above method breaks down only when the given 
set P has one or more points at the branch points. But the situation in 
this special case is too obvious to require further discussion. 

The General Algebraic Curve. 

25. On any algebraic curve of genus p, we may consider an arbitrary 
series of groups gl^ of points, any group of which contains 3p points and 
is determined by 2p of them. There will be, of cotirse, in general, certain 
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fixed points in addition, should we cut the series out by a Unear family of 
adjoints. Since 3p > 2p — 2, the series cannot be special. There exist 
certain " inflexional " groups G of p sets of three coincident points each. 
We may choose one such set as Po, and then determine with respect to 
this Po, an arithmetic of groups of p points on the ctirve. It is only in 
the hyperelliptic case, however, that an individual point can be considered 
as having a negative obtained by a " reflexion." The Riemann-Roch 
Theorem in its simplest form shows that the property expressed in (c) 
holds good for the general algebraic curve. Thus there is an analogous 
theorem of closure for any algebraic curve of genus p > 0. 

The Transcendental Treatment. 

26. The Inversion Problem of Jacobi is concerned with the correspond- 
ence between the coordinates of a set of p points on an algebraic curve of 
genus p and the p sums of p linearly independent integrals of the first 
kind, the sum in each case being of the values assumed by one of these 
integrals at each of the p points in question. If we consider a group P 
to represent the p sums here mentioned, then by the addition of P's is 
meant only the addition of integrals, so that the associative law no longer 
needs proof, when once it is proved that the group of points is uniquely 
determined by the p sums of integrals. The equations now become hnear 
equations, modulis the periods. 

If in the elliptic case we take Xi = ^(w) where f is the Weierstrassian 
function, then x„ is P(nu), and C„ is a theta function of u of the nth order 
most conveniently written in the form 

ffjnu) 

The algebraic treatment does not define C„ except for n an integer, and 
by reversing the processes, for n, a fraction. It may be noted, however, 
that the C„'s are defined for curves in modular geometries by the present 
treatment, where transcendental methods cannot be applied. 

The author wishes to express his thanks to Professor Oswald Veblen 
for numerous suggestions and corrections which have modified the form of 
this paper. 
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